1 Convexity

- A function is convex iff a line segment between two points on the
function’s graph always lies above the function.

- A function h(u),u € B? is convex if V u,v € E?,0 < X < 1:
h(Au+(1—2)v) < Ah(u)+ (1 —A)h(v) (Stirctly convex if < = <)
- A strictly convex function has a unique global minimum w*. For
convex functions, every local minimum is a global minimum.

- Sums of cvx funcs = cvx (MSE+Lin model = cvx)

2 Optimisation
- Local min w* — 3¢ > 0s.t. L(w") < L(w) Yw w/ [w—w"|| < ¢
- Global minimum w*, L(w") < L(w) Yw & RP

Gradient Descent (GD): w( ™! := w() — v L(w®), v > 0
Gradient Descent for Linear MSE, O(N x D)

L(w) = ﬁ SN (g — x[w)? = ﬁe’e, VL(w) = —ixTe
ei=y — Xw

Stochastic Gradient Descent (SGD), O(D)

Lw) = & 0, La(w) , witHD = wlt) — VL, (w®)

-, Cheap, “and unbiased estimate of the gradient E[VL,(w)] =
XN Ve (w) = V(g 1) = VL(n)

Mlnl-batch SGD: w<'+1) wt) — g

g = ﬁ Sep VL (w®), subset B C [N] of training samples

Non-Smooth Optimization

- Convexity, for differentiable functions:
vLo(w) (u—w) Vu,w

Subgradients

- A vector g € RP s.t. L(u) > L(w) + g (u—w)
subgradient to the function £ at w

- This definition makes sense for objectives £ which are not nee-
essarily differentiable (and not even necessarily convex).

- L convex and differentiable at w — only subgradient g = V£ (w).
Subgradient Descent

wt+D)

Lu) > L(w) +

Vu is called a

w() — yg for g a subgradient to £

Convex Sets

- Intersubsections of convex sets are convex

- Projections onto convex sets are unique.

- Formal definition: P (w’) := arg minyec [[v — w'||.
Projected Gradient Descent: SGD + Projection step

- Idea: add a projection onto C after every step:

Pe(w') i= arg mingce |v — w' ||, wt+D = P [w(®) — 4V L£(w(?)]
Constrained — Unconstrained Problems
mingee £(w) ~ min, £(w) + P(w)
Implementation Issues

Optimality: 1st order: if £ is cvx and VL(w") = 0 — global

2nd order: £ potentially non-convex, if VL(w*) = o ViL(w*) >
— 2L

= 2L (w) expensive)

0 — w local minimum (V£ (w)

8 Least Squares (Linear regression + MSE)

L(w) = 55 TN, (g — x]w)? = 3L (v — Xw) (¥ — Xw),

- Proof of convexity:

1) Composition of a linear function with a convex function (the
square function).

2) Verify definition, for any A € [0,1] and w, w':
MNw') = (AL(w) + (1 — N)L(w')) < 0.

LHS = — 2LA(1 = N[ X(w — w)} <0

3) Hessian positive semidefinite (all its eigenvalues are non-
negative).

H(w) = LV ((y - Xw) (y - Xw)) = £X'X

Singular value decomposition (SVD): X = USV' U and V are or-
thogonal matrices, and S is a diagonal matrix with the singular
values o; on the diagonal.

- Now find its minimum V£(w)

LW + (1 —

—L1XT(y—Xw)=0
Closed form (if Gram matrix XX € RP*P
wh = (XTX)"'XTy

Invertibility and Uniqueness

- XTX € RP*P invertible iff rank(X) = D.

- Proof: assume rank(X) < D = Ju # 0 s.t. Xu=0 = X' Xu =
0 = rank(XTX) < D = XX is not invertible.

Rank Deficiency and Ill-Conditioning

- In practice, X is often rank deficient.

- If D > N, we always have rank(X) < D (row rank = col. rank)
-If D < N, but some of the columns x,are (nearly) collinear, then
the matrix is illconditioned — numerical issues

is invertible)

4  Maximum Likelihood
Gaussian distribution and independence

2y 2 1 _ w=w)? N
ply | pyo?) = Ny | p, 0%) = 5= exp[— UE-], = psd.
N | B) = Jomams expl= 3 (v — ) 27y - w)]
- Two RVs X, Y independent when p(z,y) = p(2)p(y)-
A probabilistic model for least-squares

-y, = x| w+ e, where the ¢, zero mean Gaussian RV

Py | X,w) =TI, p(yn | %, w) =TI0_, N(yn | X, w, 0?)
Defining cost with log-likelihood

Lon(w) :=logp(y | X, w) = =75 TN (v, — x] w)>+ cnst.
Maximum-likelihood estimator (MLE)

arg miny, Lysg (W) = arg max,, Lrp(w).

Properties of MLE

- MLE is a sample approximation to the expected log-likelihood:
Lip(w) = By log p(y | x, w)]

- MLE is consistent, i.e., it will give us the correct model assuming
that we have a sufficient amount of data. Wyrp —” Wi,

- The MLE is a.aymptotlca.lly normal,

(Waiis = Wine ) = N(wyie | 0 P H(Were )

where F(w) = —E, () [ 52%=] is the Fisher information.

- MLE is efficient, i.e.

it achieves the Cramer-Rao lower bound.

Covariance (WyLg ) = F~ 1 (Wepge )
Laplace distribution p(y, | x,, w) = £e”
5 Regularization: min,, £(w) + Q(w)

Ridge Reg

-Regularize
- Euclidean norm (Ly norm) Q(w) = A||w]|2, w2 = 3, w?.
SN e —x [ W2+ Allw 2 = min, g5y = Xwl|? +Afw]?
Explicit solution for w:
V=VL4+VQ=—LXT(y - Xw)+A2w=0

= XX +ADTXTy (&5 =2)

min,,
B

= Wiage

Ridge Regression Fights Ill-Conditioning
- Lifting the eigenvalues : The eigenvalues of (X' X + A'I) are all
at least A’ and so the inverse always exists
- Proof: Write the Bigenvalue decomposition of XX as USUT,
XTX +AI=USUT + X UIUT =U[S+ N1JUT

L,-Regul The Lasso (L;-norm + Lysg)

ming, 2 SN [y, — %] wl? + Allwlly where [[wlly i= 5, w,]|

zation:

6 Model Selection
Generalization Error

- Expected error over all samples drawn from distribution 2
Lo (f) = E@y~e £y, £()]

Empirical Error

- approximate the true error by averaging the loss function over
the dataset: Ls(f) = & X ,es £Wa- F(@0). (RV)

- unbiased estimator of the true error

- Law of large number: Ls(f) | = Ly (f) but fluctuations!

Generalization gap |Ls (f) — Ls(f)\
Claim: given a model f and a test set Sy ~ 2 i.i.d. (not used

) € [a, b:

to learn f ) and a loss £(-
PllLo(f) — Ls,. (] =

- Brror | as O(1//[Spu |) with nb. of test points

- High probability bound: § is only in the In

The proof relies only on concentration inequalities

= (®4,Yn) € Siu are chosen independently, the associated losses
£(yn. f(z,)) € [a,b] given a fixed model £, are also i.i.d.
random variables
- Empirical loss:

Ls,.. ()

LYV, 0= L2V, s F(@a)
- True loss: E[©,] = E[t(yn, f(z,))] = Ly (f)
Hoeffding inequality: a simple concentration bound

- Claim: Let ©, ,©On be a sequence of i.i.d. random variables
with mean ]E[O] and range [a, b]. Then, for any € > 0

P4 XN, ©, —E[6]] > ] < 2e72Ne/ 0o

- Concentration bound: the empirical mean is concentrated around
its mean

A. Use it with ©,,

£(yn, f(z,)) B. Equating 6 = 225 le2 /(b—a)?

How far is each of the K test errors Ly,
Lo (fr) 7
- Claim: we can bound the maximum deviation for all K candi-

(fi) from the true

dates, by Plmaxy |Lg (fx) — Ls,.. (fi)l 2

- The error decreases as O(1/\/[Sie |) With the number test points
- test K hyper-parameters, the error only goes up by /In(K)

= can test many different models without incurring a large penalty
- It can be extended to infinitely many models

Proof: A simple union bound

- Special case K = 1 Plmaxy |Lo(fi S ()] B
FlUp{I Lo (fr) = Ls.., (i)l = €}] < ¥, W[IL}(fk> = Ls,.. (fk)l > e]
< 2K e 2N/ (b-a)?

-6 =2Ke 2N/t o o o

G—a)? In(2K/3)
2N

- Let k* = argmin, Ly (fy) (smallest true risk) and k =
argming Ls,, (fi) (smallest empirical risk) then

PlLo(fi) 2 Lo (fi) + 2/ C=f B0 < 5

7 Bias Variance Decomposition

- Data model: output perturbed by some noise y = f(z) + e,
e~ 2. ~ i.i.d. independent of x E[c] = 0
Error Decomposition E(, ,p [(y — fs(2))?]

- Consider the expected error of fs for a fixed element xq

L (fs) = Eeng, [(f (w0) + & = fs (%0))°], (RV from train set S)

- Run experiment many times — average and the variance of the

predictions (fs,, - , fs,) over these multiple runs

A decomposition in three terms

Interested in the expectation of the true risk over training set S

Eseg[L(fs)] = EsoEeun, [(f(20) + & = f5(20))’]]
Esngena, [(F(o) + & — fs(@o)?] Eeng, [°] +

2Es.9.cng, [€ (F (@0) = fs (0))] + Eswy [(f (z0) = fs (20))?]

Using that E..g[e] =0 and e LL S :

[e?] = Var..g[e]
el X Eswg [f (o) — Fs (w0)]
= Eswgeno [(f (20) + &~ fs (20))?] =
Esng [(f (x0) = fs (20))?]

Trick: we add and subtract the constant term Eg..p [fs (z0)],
where S’ is a second training set independent from S

Es~o [(f (®0) = fs (20))?] =

Eseg [(f (x0) = Bsing [fs (20)] + Esing [fs (20)] = fs (20))?]

[(f (®0) = Esinn [fs (20)D)? + (Bsing [fs (2a)] = fs (w0))?
+2 (f (z0) = Esing [fs (20)]) (Bsing [fsr (®0)] — fs (%0))]
Cross-term:

Esno [(f (®0) = Esing [fs (@0)]) - (Bsino [fs (®o)] — fs (w0))]

(f (®0) = Esing [fsr (®0)]) - Eswo [(Esino [fs (20)] — f5 (w0))]
= (f (@0) = Esing [fs (z0)]) - (anp [fs: (20)] — Eswg [fs (20)]) =
0 = Es.o [(f (z0) = fs (0))*] = (f (%) — Bs 9[ s (o)])? +

Eseo [(Bsino [fs (w0)] = fs (%0))?]

Bias-Variance Decomposition

- We obtain the following decomposition into three positive terms:
Eswgena, [(f (z0) + & = fs (z0))%] = Var. g, [¢]
+ (£ (@) — Esing [fs (20)])* +Esno [(£s (w0) — Esing [f5 (20)])?]
= Noise variance -+ Bias + Var.

Bias Variance tradeoff

8 Classification
. , 1 ify #£y
- Loss function: (0-1 L. (Y ') = lyuy =
oss function: ( 088) £(y, ¥') = 1,2, {0 ity =y
- True risk for the classification: Lg(f) = Eg [lyzsx)] = Po[Y #
F(X)]
- minimize Lo (f)
er f, f. = argmin Lo (f)
argmax,e(_11, P(Y =y | X

Proof of the Bayes classifier
- Claim 1: V& € %, f.(z) € argminges P(Y # y | X = z) =
f. € argming. oo Lo(f)

- Claim 2: f.(z) = argmin,cq P(Y #y | X = x)

Classification by empirical risk minimization

mingx oy Leain () = % S0 Li@osn = % Sazy Lusa<o
- PROBLEM: Ly, is not convex because:
The set of classifiers is not convex because ¥ is discrete
The indicator function 1 is
not convex because it is not
continuous

\ —— Zero-one loss

9 Logistic Regre:
Logistic function:

4
— Logistic loss
—— Hinge loss

T The-
(L4 e o' (n) = a(n)(1 -
a(n)) !

Logistic Regression

Loss value

p(1 | a) :=FY =1]| X = 0
z) =0 (27w + wg) 2l

p(0 | ) :=PY =0| X = unctional margin
z)=1—0 (2 w+ wy)

If p(1 | x)

1/2, you predict the class 1 , else class 0

MLE for logistic regression

- Assumption: The inputs X do not depend on the parameter w
we choose:

Z(w) =ply, X |
xDw PP |
Mpy=1p (yn = 1 | @ps w) X
Yo (2] w)" [1 - o (@] w)] ™
L(w) < [IN_, o (z]w)" [1 — o («]w)]'"
Minimum of the Negative Log Likelihood (NLL)

—tog (Y., o (2] w)" [1 = o (] w)]' ")
—yn2]w + log (1 + e‘f*')

w, = argmin L(w) := £ SN —y e w + log (1 + eflw)
- NLL is equivalent to ERM for the logistic loss

-y €{0,1} : £(y, g(=)) = —yg(x) + log(1 + exp(g(x)))
-y €{—1,1} : £(y, g(x)) = log(1 + exp(—yg(x)))
Gradient of the negative log likelihood

VL(w) = v [l log (1 + elI"') — oy

w) =p(X | wp(y | X, w)
X, w)p(y X, w) = TY_p(y, | zp, w) =

=0 @, w)

Moy, 0P (Yn

7log(p(y | X, w)) =

ol w) =

LN, e e, = LN (o (2] w) — ya) @
VL(w) = £X"(o(Xw) —y)

Convexity of the loss function L
. 2

- The Hessian V2L, m

VIL(w) = £ SN o (2] w) (1 — o (a)w) z,2]

V2L(w) = £XTSX where S = diag [0 (2] w) (1 — o (] w))] = 0

= L is convex since V?L(w) > 0

Newton’s method uses second order information

- Newton’s method minimizes the quadratic approximation:

L(w) L(w) +  VL(w) (w—w) +

3 (W*WL)TV L(wL)(wwa) = ¢ (w)

= argmin ¢, (w) = VL (w;) + VL (w;) (& — w;) =0

- Newton’s method: w1y = w, — v V*L (w,)"' VL (w,)

- Step-size needed to ensure convergence (damped Newton’s

method)

- Convergence faster than GD but comp. complex. higher.

Problem when the data are linearly separable

inf, L(w) =0 = lim, . L(a - @) = the weights will go to oo

- Solution: add a ¢;-regularization (Ridge logistic regression)

—ynz, w+ log (1 + e’I“') + 3 lwl}

- Optmuuamon perspective: stabilize the optimization process

- Statistical perspective: avoid overfitting

L(w), is psd = convex

10 Support Vector Machines
- Define a hyperplane as {z : w @ = 0} where ||w| =

- Prediction: f(x) = sign (27 w)

- Claim: distance zo—hyperplane defined by w is \w*ru\
- Proof: minuuiuz |20 — ufl. Let v = 2y — wlaow then by
the Pythagorean theorem for any u s.t. w'u = 0, [lzg — ul?

2 2
(wT@o)® + [lv = ull* 2 (w' o)

Hard-SVM rule: max-margin separating hyperplane

- Margin of a hyperplane: min, <y |w' z,|

- Max-margin separating hyperplane:

max, |uj=1 min, <y [w @, | st Vn,y.alw >0

- Equivalent to: maxyrepu uwj=1 M s.t. Vn,y,z w > M

- Also equivalent to: min, 1| w||? such that Vn,y,z w > 1

Soft SVM: when training set is not linearly separable

- Maximize margin but allow some constraints to be violated

- Introduce positive slack variables £, , - - - , £y and replace the con-
straints with y, = w > 1 - &,

ming, ¢ 3 lw|® + & 2”,, €, 5t Vn,y,z]w>1—¢, and £, >0
- Bquivalent: min,, 3 2 lw|?+ L E" L=y w]+, (a hinge loss)
- Proof: 1) If y,a]w > 1, then £,=0,2) fy,z]w < 1,6, =
1 — y, @, w, therefore &, [1— y,,zj‘wh

ERM for the hinge loss with ridge regularization

2 24 1N vz

Slhwl? + & S0 [0 = ya [ w]

1) Choose direction of w s.t. w’ acts as a separating hyperplane
2) Adjust scale of w to ensure that no point lies with the margin
3) Select the hyperplane with the largest margin

- Optimization: Convex (but non-smooth) objective which can be
minimized with: 1) SubGD method, 2) StochSubGD method
Convex duality

- Define G(w, a) s.t. min, L(w) = min, max, G(w, a)

- Primal pb.: min, max, G(w, ), dual pb.: max, min, G(w, &)
G(w, a) for SVM

[z]4+ = max(0, z) = maxaeo1) @z

[1 = ypz w], =maxq coa) o (1= ypz]w)

LN en (1 =y w) + 3
- The function G is convex in w and concave in «

Min max interchangeable

max, min, G(w,a) < min, max, G(w, &)

- Equality if G is convex in w, concave in « and the domains of w
and a are convex and compact

- Proof: min, G(a, w) < G (o, w’) Vo'

max, min, G(o, w) < max, G (a, w') Yw'

max, min, G(a, w) < min, max, G (a, w')

min,,

min,, L(w) = min,, maxacpo,u- 2 fjwli?

Application to SVM: the condition is met

min,, L(w) = maxaepo,i)» min, & an (1= ypa) w) + [lwll?
- Minimizer computation: Y = dlag(y)

V,G(w,a) = —+ 3N anyee, + Aw = 0 = w( =
. N = L XT

& S, anvats = 1 X Ya

- Dual  optimization  problem: minw L(w) =
masac & SV, o (1- feuel XTYa) 4 o [XTYal2
maxaepar 5

PSD matrix
1. Differentiable Concave Problem i

2. Kernel Matrix Dependency K = XX € R¥N*VN: no d

3. Dual Formulation Insight: « is typically sparse and non-zero
exclusively for the training examples that are crucial in determin-
ing the decision boundary

Interpretation of the dual formulation

¥ (2, yn) Ja, given by: max, o) o (1 — yoz] w)

e =, correct side, outside margin, 1 — y,z w < 0 = a, =0
zlw=0=a, €[0,1]
e =, strictly inside the margin or incorrect side, 1 — y @ w >
0= a, =1

- pomn where a, > 0
w= 55 ThL, @nlaa

e x, correct side, on the margin, 1 — y,

support vectors

11 KNN Curse of dimensionality
- Claim 1: As the dimensionality grows, fixed-size training sets
cover a diminishing fraction of the input space

- Assume the data @ ~ U ([0, 1]9)

- Box @ around the center z, of size r, B(z € @) = r? := a

- Claim 2: In high-dimension, data-points are far from each other.
- Consider N i.i.d. points uniform in the [0, 1]*

FEm em21/2=r> (1- 3 )'“

Generalization bound for 1-NN

- Setup: (X,Y) ~ 2 over & x % = [0,1]? x {0,1}

- Goal: Bound the clf error: L(f) = B(x y)up (Y # f(X))

- Baseline: (N — oo, 1 — NN is competitive with Bayes classifier)
e Bayes classifier: minimizes L over all classifiers f.(z) =
1,12 where n(z) =B(Y = 1| X = x)

e Bayes risk: represents the minimum probability of miscla:
cation L (f.) = P (f(X) # Y) = Ex_p, [min{n(X), 1 — n(X)}]

- Assumption: 3¢ > 0,Va, 2’ € & : [n(z) —n(2)| < cllz —a'||,
= Nearby points are likely to share the same label

- Claim: B [L (fs,..)] < 2L (f.) 4 4cVdN~
e For constant d and N — oo : g [L (fs,..)] < 2L (f.)
e constant error, N o d(¥*1/2 _ curse of dimensionality

e Interpolation method can generalize well

- Claim: P(Y' #Y) < 2min{n(z),1 — n(z)} +clz — z'|

Bound on the geometric term (I)

- Consider a fresh sample X ~ 2 and denote p, = F(X € Box )
- Consider the box which contains X. Two options:

e The box contains an element of Sy, X has a neighbor in Sy
at distance at most v/de. It happens with probability 1 — (1 — py)™
e There is no element of Sy, . The nearest neighbor of X can be
at worst at a distance v/d It happens with probability (1 — p,)~

Bound on the geometric term (II)

E(IX — nbh(X)[] < 5, pi [(1 = pi)¥ VA + (1= (1 = p)") Vie]

- Claim: The bound is derived by optimizing over p, and ¢

e If p; is large: it is likely that we pick that box but it is also
likely that we find a training point in that box

e If p, is small, thi rs infrequently

Nearest Neighbors is a local averaging method

- Local averaging methods aim to approximate the Bayes predictor
directly - without the need for optimization

Py | @) = SN dn(2)1,oy,

1/k for the k nearest neighbors (0 otherwise)

fi-

enario oc

12 Kernel Regression
Lo LT iy LTt T -1

Waridee = 2 (=X X + A1) "X Ty = LXT(—XX" +Aly) 'y

N N

S—— S——

axa NxN

- Proof: Let P € R™*" and Q € "x’", P(QP +1,) = PQP +
P = (PQ+1,,,)P (PQ+1I1,)"'P = P(QP+1,)"", P =X,
Q=X
Usefulness of the alternative form
1) Original — O (d* + Nd?), Alternative — O (N? + dN?)
2)  Structural dlfference w. = XTa, where a, =
L(ExxT +>\1N) y = w, €span{zi, - ,ax}
Representer Theorem
- Claim: For any loss funcmun £, there exists o, Nosit.
w. a. € argmin, % (ﬂw ya) + 2 llwl?

- Meaning: 3w, € span {z,, - ~}
- more general than LS, Kernel SVM Kernel LS, and Kernel PCA

Proof of the re pvtu*nh r theorem

- Let w, = min,, + Z",] L(afw,y,) + 2 \wH2 =N auz, +u
where u'x, =0 for all n

- Let’s define w = w. —u, |w, 12 = llwl® + lull®* = [w]|* < w.|?
Vo, wle, = (we —w) @, = wle, = L(z]w,y,) = L(z]w., vy,
Therefore £ SN £ (z]w,y,) + S llwl* < £ SN £ (2] w.,v,) +

2 |lw. [|?, and w is an optimal solution for this problem.
Kernelized ridge regression

a. =argmin, LaT (A’WxxT + AIN) a-Ltaly
Kernel matrix K with feature spaces

SN N CIC I

- When a feature map ¢ : R? — R is used, (=
K=& RV

- Proble when d <€ d computing ¢( )T os(r’) costs D(d)
Kernel trick: Kernel function k(z

Same: Compute k (x, ') or map features to ¢(z) and compute
¢(x)T ¢ (z') = compute linear classifiers in high-dimensional space
without performing computations in it

Predicting with ke

d(@) w. = ¢(x) $(X) a. =N

Y () " Wi Lincar pred in feature space

nels: only using the kernel function

K (2, @) a.,

Fw. () Non tinear pred in & space

1. Linear Kern
2. Quadratic kernel: x (z, (za')?, @, a , d(x)
3. Polynomial kernel

Let z, 2’ € R, k (2, 2) = (z,2] + max) + z32))°

@(x) = [23, 02, 23, VEzi 22, VEzi @y, VEmam| € RO
4. Radial basis function (RBF) kernel

- Let @, 2’ €RY k(z,a') = e (=) 22

Seg d(e) =e (o, )

Building new kernels from existin

Claim 1: Positive linear combinations of kernel are kernels:

Kz, @) = ary (¢, 2') + Bry (z,2') for o, B > 0
Proof 1: ¢(z) = ( giﬁ;é:; ) € R+

Claim 2: Products of kernels are kernels:
Proof 2: Let ¢(x)" = (¢1(2)1db2(@)1, -+ b1 (@)1 h2(@)as

< di (), b2 (@)1, s b1 (@), $2(2)a,) € RY then
d@) P (a) = X, (1(2), (92(2)); (b1 (@), (d2 (2'));
i (@1(2)); (61 (27)); X5 (@2(2)); (2 (=) =
1(2) " by (@) $2(2) " b2 (2') = & (2, a)
Mercer’s condition
- Given r, 3¢ s.t. k (z,2') = ¢(x)T ¢ (x') iff:
1) The kernel function is symmetric: Vz,z', & (2, 2') = r
2) The kernel matrix is psd for all possible input sets
0.V (@), K= (k(e,a)Y_, >0
Proof of Mercer theore
e If r represents an inner product then it is symmetric and
the kernel matrix is psd: v Kv = 3, v,v,;6(x;) é(z;) =
15 vid (=0)|*
o Define ¢(z) = s(-, ). Define a vector space of functions by con-
sidering all linear combinations {3, o;% (-, z;)}. Define an inner
product on this vector space by
(Sounm (w5 8w (5 #))) = S, ey (w0, 7))
This is a valid inner product (symmetric, bilinear and positive def-
inite, with equality holding only if ¢(x) is the zero function)
Consequently (¢(2), ¢ (2)) = (k(-, @), 5 (-, 2")) = K (z,2")

z)
>

18 Deep Learning: Multi-layer Neural Networks
- Learnable Parameters: biases {b<‘7} and weights {w“7}
tein)

so we learn O (dK 4 K?L) &~ O (K?L) parameters

L, Approximation: Barron’s result

- Let f: BY — E and define f(w) = [, f(z)e ™ “dax, its Fourier
« |w||f(w)|dw < C (smoothness assumption)

- Claim: Vn > 1,7 >0, 3 fu: fu(2) = 2], c;j¢ (zTw; + b;) +co,
st flye, (F(@) = fu(e)? de < 2200 = ANl sufficiently smooth
function can be approximated by a one-hidden-layer NN

L, Approximation

Jieizr 11 (@) = fu(2)| dz < Something small

- f:R — Ron a bounded domain, Riemann integrable - its in-
tegral can be approximated to any desired accuracy using ”lower”
and ”upper” sums of the area of rectangles

- Approximation of the function by a sum of rectangle functions
Sz 1£(2) = fu(@)| dz Jiaj<r (F(2) = fu(2)) da
Sarer F@)da = [ o, fo(@)da = [, ., f(2) =5, Area(Rectangle )
Approximation of the rectangle

- A rectangle function is equal to the sum of two step functions

- Approximate a step function with a sigmoid ¢(x) = ¢(w(x — b)),
= NN with one hidden layer containing 2k nodes for a Riemann
sum with k rectangles

Larger dimension: d = 2, same idea

- Two sigmoids can approximate an infinite rectangle function

- Four sigmoids approximate a cross

Point-wise approximations

- Def: piccewise linear (PWL) function:

a(x) =T, (@i + b)) 1y, cocrn, With a;ri +b; = aiam + bigy

- £.-approximation result: Let f be a continuous function on [c, d].
Ve>03gstsuperalfl@) —al@)| <e

PWL functions can be written as combination of RELU

Le[L]

transform,

- Claim 1:

Any PWL ¢ can be rewritten as g(z) = a,az + b, +

) where & = aj,b; = b,a; = Yi_ & and
.

- Claim 2: g can be implemented as a one-hidden-layer NN with
RELU activation. Each term corresponds to one node:

14 Neural Network Training
WO € mUK W ¢ REXK for 2 < 1 < L, WD) ¢ RE | p0) ¢ BE
for 1 <1< L, b+ ek -

Compact description of output

o a2 = f0 (qul)) = ¢ ((Wu))" 0= 4 b‘”)
o y= fAD (mu,») _ (wu.“))T (1) 4 pE+n
F=fEAD o f) oo f o 0 F@ o g

. 2
L= R TN, (v = S 00 fP 0 f D ()
Chain rule

R T T

o FUFD o ¢ (Zu)))’

2
oz, K oz, 9 _ oz, 95" _ 22 LU ox)  _
2 —EE, 2B = s - oY since 2 =
0 for k # j, since z“) =K 2D 4 b“)

Derivatives computation

- Using 20 = SK w207 450
9" _ )
. %

— 50 . g0-1
e 5 i

0%, _ vk 0%,
oul = Tkm1 0 50l
Backpropagation algorithm
Forward pass O (K?L):

-
20 eRrt, 20 = (wm) 20-D 4 W 20 = ¢ (zu))
Backward pass O (K?L):
SUAD = L) oy 50 = (W(z+:)5<x+n) ©¢ (zm)

Compute the derivatives: ;”(,, 50D,

22, _ 50
o =%



Batch Normalization

20 = 2040 (Component-wise) where uld) = L M, 20 and
V(ew) +e
2
(gg>) = =M, (z‘"” - u“)) . and ¢ € Ry is a small value

added for numerical stability

malization :

Introduce learnable paraxneter; 'y“’ BY € RX to reverse the nor-
20 =40 @ 2

Scale-invariance: BN (a @ z;” + b) — BN (zf.“)

Estimate g =

Inference: E[;ﬁg”] and 60 = E[a;”] during

training, use these for inference
Layer Normalization

2
25K, 2O and (o0)" =

where p) =

Ly, (0 - Hf,”)zv and € € Rz

Learnable parameters v, 30 € R : 20 = 4 @ 20 4 g
Normalize across features, ind d ly for each ion
common alternative, widely used for transformers and text data
No batch dependency, use the same for training and inference

15 Convolutional Networks

D=3, fea -2, ., (f is the learnable filter)

.
.

(w3

Same filter at every position - weight sharing
Translation equivariance :shifted input results in shifted output

Training:
1.
2.
Weight Decay:

Run backpropagation as if the weights were not shared
Sum the gradients of all edges that share the same weight
l,-regularization

2
Regularize weights without bias: min £ + 2 ¥, HWWHF
Favors small w which can aid in generalization and opti

)y = (w8), =0z —nx (w), = a=nx (wlh),—ve

wlght decay
Interaction with BatchNorm:
BN(WX) = BN(aWX) for a € B (assuming € ~ 0 )

16 Transformers

Self-Attention (SA): mixes information between tokens

- Multi-Layer Percep. (MLP): mixes information within each token

Skip connections are widely used
Layer normalization (LN) placed at the start of a residual branch

Text Token Embeddings

Attention:

z; =

Tokenization: split text into sequence of tokens (predefmed)

Convert each token ID i € {1, ..., Ny, } into w; € B

Matrix multiplication W - e, = W.; = w, (with W € RP*N

W learned via backpropagation

Input sequence of T tokens leads to an lnput matrix X € RT*P
learning input-d d

Input tokens : V € RTwxP,

SiL iy de Z =

Output tokens : Z € RTwuexD
PV, Weighting coefficients P €

[0, 1)T»«*Tn valid probability distributions over input Z oy =1

tokens :

how simmilar ¢, and k; are.

similarity scores.

on each row independently)

tion and faster convergence
Self-Attention

put token sequence X € RT*P
4 =

Query tokens :
K eR
Determine weight p,

Q € RTwxPr | Key
Dy

based on Self-Attention Head
Use inner product to obtain raw
Normalize with softmax (scaled
ire by /Dx) to obtain a

i i (applied

Scaling — uniformity at initializa-

V, K, Q all derived from same in-

- Values : XWy €
RTXD W € RPXD

N XW, XW
- Keys : K = XWg € o K
RTXDX | W € RPXDx
- Queries Q = xXw, €

RTXPx , W, € RPXPx

Wq, Wy, Wy are learned params.
. XWWEXT
Z = softmax (—Df—) X Wy

Multi-Head Self-Attention

- Run H Self-Attention “head in parallel 2, =
sonmax<"w"; )XWy, € RTXPV | Wy, € RPXDY | Wy, €

ROXDx W, e

RPXDx |z = [Zy,...,Zy]W, where

Wy € RFPvXP s learned via backprop
Positional Information

Attention by itself does not account for the order of input
positional encoding in the network pos : {1, ..., T} — RP
e.g. W,,. corresponding to each token’s position t to the input

embedding. W,,, € RP*7 is learned via backprop
MLP: Mixing Information within Tokens

MLP(X) = o(XW;)W,,

Apply the same transformation to each token independently:
Wy, W, € RP*P learned via backprop

Output Transformations

to the average tks.

Single output: transfo. to a special taskspecific input token or

Multi outputs: transfo to each token indep.

Vision Transformer Architecture

The receptive field is the whole image after one SA layer
ViTs require more data than CNNs, reduced inductive bias in

extracting local features

Model attends to image regions semantically relevant for clf

Encoders & Decoders

sofimaz(f(xy, .

Encoders: fixed output size and process all inputs simultaneously
Decoders: Auto-regressively sample the next token as @i ~

)

17 Adversarial ML

Standard risk: average zero-one loss over X:

R(f)

o [1y(x)#v] = Pp [f(X) # Y] i.c. minimise proba of wrong pred.

Adversarial risk: average zero-one loss over small, worst-case per-

turbations of X: R.(f) = Ep [maxs s_xj<: 1razy]

Generating adversarial examples
- Task: given an input (z,y) and a model f : X — {—1,1} find
an input & s.t.: a) [|# — @[ < ¢ b) the model f makes a mistake
- Trivial case: x already missclassified — no action required
- General case: find & such that atf(#) # yand||2 — =|| < € i.e.
@ € By(e) N {z' f(z') = —
- Optimization problem with respect to the inputs
- Problem: optimizing the indicator function is difficult: 1) The
indicator function 1 is not continuous 2) The NN prediction f out-
puts discrete class values {—1,1
- Replace the difficult problem involving the indicator with a
smooth problem max; ;x| <. Lys)zy — maxe s x| <. £(yg(#))
- decreasing, margin-based (i.c., dependent on y = g(x)) clf loss
White-Box attacks
- Solve max; s x| <. £(yg(2)) knowing g
- V. l(yg(x) = yt (yg(x)) V. g(x), with y¢' (yg(x)) < 0 since clas-
sification losses are decreasing.
- Move in direction of o< — y V,g(x)
- Interpretation f(z) = sign(g(z)): If y = 1 we want to decrease
g(x) and follow —V,g(x). If y = —1 we want to decrease g(z) and
follow V., g(x)
- Use £ not yg(#): extend to multi-class cIf and robust training.
- linearize the loss £(z) := £(yg(x))
1o (2) ~ maxjs <. (@) + Vo i(2)7 (& — @)
1<e Vol(2)T (& — 2) = £(x) + maxs<. V. &(2)76
- Max inner product under a norm constraint,
- Simple problem for which we can get a closed-form solution de-
pending on the norm used to measure the perturb size ||5]|
One-step attack

. Vi b(z) Vig(x) V.g(x)

% = Rimm T Y on RIS
- Solution for the £, norm called Fast Gradient Sign Method:
5t =e - sign(V,i(z)) = — ey - sign(V, g(z)) =
=z — ey - sign(V,g(z))

Multi-step attack
- These updates can be done iteratively and combined with a pro-
jection IT on the feasible set (i.e., balls £, / £, here)
- Projected Gradient Descent (PGD attack)
-6 S = M8 + o - D]

TVia+ani
{ e-6/08ll2, if 18]l > &

(x) +

=a—ey-

norm: Mg, (8) =

5 otherwise
- £, norm: 6! =1, [5' + a - sign(Vi(z + 5'))], Mp_ () (8); =
< -sign(s,), if |8, > e
5, otherwise
- the gradients with backprop w.r.t.
Black-box attacks g(x) unknown
- Obtaining a surrogate model, costly + no guarantee of success
- Query-based methods often require a lot of queries (10k-100k),
Query-based gradient estimation
- Score-based: we can query the continuous model scores g(x) € R.
V,g(e) x Db, sltecizae

- Decision-based: we can query only the predicted class f(z) €
{—1,1}, similar techniques can be adapted for the decision-based
case.

Transfer Attacks

inputs, not parameters!

- Train a similar surrogate model f &~ f on similar data
- Model stealing (query f given some unlabeled
{@n, f(2,)}]N_)) can facilitate transfer attacks.
Adversarial training

- Adversarial training: the goal is to minimize the adversarial risk:
ming Re(fo) maxg, je-x|<e Lr@)#y

- D unknown — approximate it with a sample average + classifi-
cation loss is non-continuous — use a smooth loss =

ming & SN, maxs, ., < £(Yngo(2,))

1) Va, , &) ~ arg max|j;, -z, |<ec £(yn 9o (Tn))

2) GD step w.r.t. 6 using + L Vol(ynge(2}))

inputs

Advantages
- state-of-the-art approach for robust classification

- more interpretable gradients

- fully compatible with SGD

Disadvantages

- Increased comp time: prop to the number of PGD steps

- Robustness-accuracy tradeoff: too large e = worse accuracy

18 Fairness criteria in clas: ation

Use an algorithm to produce a score function R = r(X) (given)
Sensitive attributes

- No fairness through unawareness:
attributes is not solving the problem
- Many features slightly correlated with the sensitive attribute can
be used to recover the attribute

Three fundamental fairness criteria

Independence: A L R, Separation: A L R | Y, Sufficiency:
A LY | R any of these three criteria are mutually exclusive
Independence: equal acceptance rate
B(D=1|A=a)=PFD =1|A=b) not unfair practice.
Separation: equal error
BD=1|Y=0A=a)=FD=1|Y =0,A=5b)

removing/ignoring sensitive

(equal FP)

PB(D=0|Y =1,A=a)=F(D=0|Y =1, A =b) (equal FN)
Sufficiency:
B(Y=1|R=r,A=a)=F(Y =1|R=r,A=0)

Calibration and sufficiency

- A score R is calibrated if (Y =1 | R=7r) = r

- Calibration by group: B(Y = 1| R = r, A = a) = r, sufficiency
How to achieve fairness criteria

e Post-processing: adjust your learned classifier so that it be-
comes uncorrelated with the sensitive attribute A

e At training time: add regularization

e Pre-processing: adjust your features so that they become un-
correlated with the sensitive attribute A

19 Clustering
- Clusters are groups of points whose inter-point distances are
small compared to the distances outside the cluster.

- Find "prototype” points p;, o, . . . , pg and cluster assignments
z, € {1,2,...,K} forall n = 1,2,..., N data vectors x,, € B
K-means clustering

Assume K is known. ming, £(z, p) = SV 5K 2 (1%, — 2
st e € RBP iz, o€ {013,320z = 1,
z, vzak]T s = [mnm,.Ey]T e =
(115 B2y

where

[2n1s 22, - -
B

K-means Algorithm
Initialize p, Vk, then iterate: 1
1if k = arg min
0 otherwise

2. For all k, compute p given z.Take derivative w.r.t. p, to get:

e = 227‘“‘ — O(NKD)

For all n, compute z, given u.
2

.2, KHxnf‘l’J‘I — O(NKD)

Zok =

- Bach step | cost = Convergence to local optimum
Coordinate descent

2t+) .= argmin, £ (z. u“’)~ ) = argmin,, £ (z“*” , u)
Probabilistic model for K-means

log [T, p(xnlp, 2) = log H,, N (@l s Io) =
log [0, T, N (@ [, To) ™ log [T, I, ©
R e D S 3 guzn — Pz ¢ = —L(p )
K-means as a M rix Factorization

ming £z, 0) = SN, S/ 2 s = wll] = X7 = MZTL

sty €RP, z € {0,158 2 =1
ues with K-means

rs are forced to be spherical.
cluster assignments.

Computation heavy for large N, D and K.

20 Gaussian Mixture Models

(1) resolved by using full covariance matrices X,
isotropic covariances
p(X | p,E,2) = [1)., I}, IV (o | ps
RD*K |, ¢ RK

Soft-clustering

(2) resolved by defining z, to be a random variable, z, €
{1,2, , K} that follows a multinomial distribution.

instead of

Sl u € RPF S €

1 if assigned to k
Z =10 it assigned to , p(2n = k) = m where m, > 0,Vk
and ©F  m =1
GMM definition
p(X,z | p, =, m) =1, p(xn | 20, 1, Z)p(2, | )
=TI TS IV Gen | s Z015 T 1[7@]'”‘

:= observed data vectors, z, atent unobserved variables,
unknown parameters 8 := {p,,. .. ,;4,(, =, Sk, 7}
Marginalise z, out
P (xa | 0) = S0, MmN (x| i, Zn)

- Deriving cost functions this way is good for statistical efficiency.

Without a latent variable model, the number of parameters grows

at rate O(N). After marginalization, the growth is reduced to

O (D?K) (assuming D, K < N

Maximum likelihood

maxg SN, log S, mN O | g B)

- Non-convex cost. Non-unique optima (permutations/renaming of
-

Unbounded: £, = o, T , o € R

the clusters).

Choosing K
- 1+ K = overfitting (& | K = underfitting). For K >> N, D =
(W=, z7") = (X, 1) = (I, X)

Regularization

3 Zameal@an — (W2 0] +
>0

Au
2

N
B 2 121 A Ae €

Stochastic Gradient Descent (O(K))
Ty 12
L= Lamen 3@ = (WZDal? = 5 ¥ gmen fan

_ — [@an — (WZT)gp] 2 if d' = d
fan(W, 2) = { 0 otherwise

o
RDXK
— [®an — (WZT)4] way ifn' =n
0 otherwise

RNXK

Alternating Le
. .
12, 2, [ea — (w2T),, " = Hix - Wz,

ZT = (WTW A1) TWTX, WT o= (Z7TZ 4 A, Ix) ' Z2TXT
- Cost: need to invert a K x K matrix

st Squares

23 Text Representation
-For each word, find mapping (embedding) w; — w, € B
Co-Occur:
-big corpus un-labeled,
where word w; occurs together with word w;.

nce Matri

sparse

co-occurrence counts. mn,;; := #contexts

Learning Word-Representations: Matrix Factorisation
- transformation: z,, := log (ng,). W, Z s.t. X & WZ"

minw,z £(W, 2) i= 1 e0 fan [@an — (W2ZT) dn]?

where W € RP*K |z € RVXF | K « D, N, @ C [D] x [N] indices
of non-zeros of the count matrix X, fy, are weights to each entry.
GloVe:
fan := min {1, (nan /Manax)*} > o € [051] (eg. @ = §)
Training: SGD or Alternating Least-Squares (ALS
Skip-Gram Model

- Binary classification: real or fake word pairs (wg, w,).
- Given wy, a context word w, is:

word2vec variant

real = appearing together in a context window of size 5

fake = any word w,, sampled randomly: Negative sampling (also:
Noise Contrastive Estimation)

Fast Text:

Matrix factor. for sentence representations

-sentence s, = (wy, ws,...,wy,), let x, € BV bag-of-words rep-
resentation of the sentence.

minw z £(W, Z) 3., acentence F (UnWZTx,), where W €
RYK Z € RVIXK | x € RVl represents our n-th training sentence.
- f is a linear classifier loss function, y, € {%1} is the classifica-
tion label for sentence x, .

21 Expectation-Max

Start with 81 and iterate: 1. Expectation step: Compute a lower
bound to the cost such that it is tight at the previous 6 :

£(8) > é(g)g(!)) and £ (gm) :é(a(ﬂvg(l))_

2. Maximization step: Update 6 : 8(+1) = arg maxeg(e,em) .

nization Algorithm

Jensen’s Inequatlity

- Log is convex — Concavity of log

- Given non-negative weights ¢ s.t. 3, ¢x = 1, the following holds
for any m, > 0 : log (T35, axmi) = X5, ax log 7k

The expectation step

log S/, N (e | e B) 2 UL, auy log DA B0 yith
equality when, g, = z,“”( L‘:‘f; -

The

- Maximize the lower bound w.r.t. 6.

maxe SN, SK ) [log mi + log N (x| o, )]

- Differentiating w.r.t. py, ;'
<:+1> = Taailx ):u“) = Zadi

maximization step

= g )T

. .an
For mj, we use the fact that they sum to 1. Therefore, we add a
Lagrangian term, differentiate w.r.t. m, and set to 0 , to get the
following update:
i LT ol

EM for GMM

Initialize p™®, =M 7 and iterate between the E and M step,
until £(@) stabilizes.

LN (e i 540
1. E-step: Compute assignments q") = (el 2),,,)

2. Compute the marginal likelihood (cost).

' ‘ ‘
C(g(t))=z Klﬂ,E)N(x ()zu)
")(:4»1)

t) (t+1)
L5, dl =

S
- If we let the covariance be diagonal i.e. 3
algorithm is same as K-means as o2 — 0

oI, then EM

Posterior distribution

POy 20 | 0) =0 (xy | 20,0) 1 (20 | 0)
p(A, B) = p(AIB) p(B) = p(B|A) p(A)
i N

joint likelyhood prior posterior marginal

=P (zn | X,,0)p (x| 6)

M in general

- Given joint distribution p (x,,z, | 8), the marglnal likelihood
can be lower bounded similarly. Compact EM: @(**1)

= argmaxe 3.0 By, ix, 00 [108 P(%0, 20 | 0)]

- Another interpretation: part of the data is mi:

ing, ie. (x,,z,)

is ”complete” data and z, is missing. Averages over the ”unob-
served” part of the data.

22 Matrix Factorization

Given items (movies) d = 1,2, ..., D and users n = 1,2, ..., N, X

is D x N (sparse)

Algorithm

X~ wWzT, W e RP*K, 7z € RVXK tall matrices K << N, D
minw ; LW, 2) = L S0 colea — (W2Z7)4,]?

~ This cost is not jointly convex w.r.t. W and Z, nor identifiable
as (w*,2%) & (Bw*, f1z%)

24 Self-supervised L
BERT: (Bidirectional)
- encoder-only trained on masked language modelling.

- Encoder: whole sequence at once, every token can generally at-
tend to every other token (both previous and later ones, hence
bidirectional). Generates a fixed sized output, typically one token
per input
BERT Tr
Predict original token. Softmax cross-entropy loss over all tks.
[CLS] token:
GPT: Generative Pre-trained Transformers

arning

incoder Repr. from Transf.

ining Obj

order (binary classification).

- for Next Token Prediction: decoder-only transformer architecture
- Training Procedure: teacher forcing,

- In-Context Learning: prompting ChatGPT (prompt engineering)
nt Embedding Methods (Images): enc. inv:
e BYOL: use two encoders fy, f;, fo is exp moving average of f;
e VicReg: force non-0 var.

Jc iant transfo.

to avoid collapse but min the cov
Contrastive learning

- Given a positive pair x, x"from the datapoint x, and a nega-
tive view x~ from a different datapoint x’ # x: s (f(x), f (xT)) >
s (£, f(x7)). s
mCLR: cont

func quantifies the similarity of two embeddings.

tive learning

1. clf-like obj, N neg samples L(x) = —E [log exp(s(160) (”m)

T, e (s (1001 (x
max score between x and x*, min score between x and all x; .
2. use projector to map the encoder output to the similarity

space: f(x) = f» o fi (x)useonly f, for downstream tasks.
N9 NG9
projector  encoder
3. cosine similarity : S (e, e,) = ﬁﬁ

CLIP
ding sy
- Max cos sim.

>tioned ir

ages to learn a joint multimodal embed-
of caption and image embeds, min unrelated pairs.
- Few-shot learning: learn to clf new classes with only a few la-
belled examples. (CLIP able to zero shot)

25 Generative Models

- Discriminative model predict y — conditional distribution p(y |
). Generative models — distribution p(x) defined over the data-
points . Generative models categories: explicit (explicitly model
the probability distribution) or implicit (generate samples accord-
ing to p).

- Tmplicit density models (GANs), high-quality, realistic samples,
challenging to train (mode collapse model fails to capture the di-
versity of the data distribution)

- Tractable density models, (Autoregressive models and Normaliz-
ing Flows), exact likelihood computation, (beneficial for tasks that
require likelihood evaluation and interpretability). Autoregressive
models generate data sequentially, slow in sampling. Normaliz-
ing Flows, more efficient sampling and inference (using invertible
transformations), computationally intensive to train.

- Approximate models, (VAEs and Energy-based models). VAEs
optimize a lower bound on the likelihood arrow easier and more
stable training than GANs but less sharp samples.
- Diffusion models arrow hybrid approach, iteratively convert
noise into samples via a reverse Markov process, highquality im-
ages and audio, slow at sampling time.

- trade-off between sample quality, sampling speed, and diversity.

Generative Adversarial Networks GANs
- generator G, params:0 and discriminator D params:e.
6" € argminl®(8, ") ' € argminL? (8", )

deo P

- L% = —L£¥ zero-sum game and is a minmax problem.

1. The discriminator ”distinguishes” real vs. fake samples:

p. "noise” distr., e.g. N(0,1), py real data distr., D : @ — y €
[0,1], where y is an estimated probability that @ ~ py

2. The generator aims at fooling the discriminator that its samples
are real: G : z — @, such that if z ~ p., then hopefully @ ~ py p,
the ”fake” data distribution

3. Objective ming maxp

2 llog D(o)] + B [log(1 = D(G(2)))]
£5(G, D) = maxp £ [log D(2)] + £ [log(1 — D(G(2)))]
£6(G, D) = ming E [log(1 - D(G(2)))]

4. Theoretical Solution: The optimum is reached when p, = pg
and the optimal value is — log 4

Alternating-GAN algorithm

2 G : deep neural network G(z; 0) with parameters 0

- D : deep neural network D(x; ¢) with parameters @

- G and D have different losses £ and L£¥%, resp.

- CGANs G, D are conditioned during
training by some additional information
(one-hot)

Diffusion models

- Consider a Markov chain with X, ~ pg
and a forward transition s.t. Xy, ~ p(- |
X,) then we call forward decomposition:

Algorithm 1 alternati
Input: dataset D, known
learning rate 7, generator los
inator loss
Initialize: D(; ), G(6)
fort=1to T do

p(xor) = po(eo) [T/ p(eyr | @) x {san
where at each step, the marginal distri- ~». (sample
bution of X, satisfies: p(z,) = [ p(a, PR Y
@ 1)p(x,g)dw, z~p, {sample
- backward transition can be obtained 0=0-yVoL'(0,0,2)
with Bayes’ rule end for

(@ | ®eg1) = p(@esr | @)p()/P(@041), Output: 6,

and we call backward decomposition:
p(zor) = pr(er) [} p(@e | @)

- A generative model can be constructed sampling from p(zo.r)
using ancestral sampling:
Sample X7 ~ pr(-) then:
X~ p(e | Xegn)

e We consider py = paara € P(R?)

e We chose the forward transition to be Gaussian p(a..; | =)

for k = T — 1,...,0 : Sample

N(@ipasaz,, (1— . o),

e The conditional p(z, | o) is also Gaussian N(z,; a’wg, (1 —
a*)ly)

e The Markov chain converges to p.; = N(x;0,I;) for

Tarrowss.

e Therefore for T large enough pr () & pro ()

e To generate samples we use ancestral sampling replacing pr

with prer

- Key problem: the backward transition p(z, | @.4,) can’t be com-

puted, we need an approximation!

Using a Taylor expansion we can approximate the ba
- plag | @) expllog p(a) - log p(eeen)]

a?) Viogp(ep), (1 — a)ly)
—_—

Score

ckward tran-

sition: p(w, | @4y

N(z5(2 — @)z +

Denoising
- The Stein Score is analytically intractable, but we can approxi-
mate it using a NN so(z,).

- Surprisingly, we can learn the score solving a simple regres-
sion problem via the Denoising Score Matching (DSM) loss: 6* =
argaminﬁ(e) = 1Ex, [ V1og p(X:) — sa(X0)|%]

score matching

- Problem still intractable: we do not have access to the marginal
p(x,) at each step but we can manipulate it:

L£(6) = Ci + 2Ex, [I56(X0)[1?] = Ex, [V1og p(X) T s0(X,)] = C1 +
LEx, (150 (X)) = [ ¥V 1og p(X,) T 8¢ (X)p(X,)da,

- Using that p(z,) = [ po(@0)p(z, | @o)dawe we get:

Vlog p(X,) = Ex,|x, [VlogP(X | Xo)]

Substituding in the DSM-lo:

£(0) = C + 1By, Ulos (XOIP] = Ex,Ex,ix, [V logp(X, |
X0)Ts0(X)] = Cr + LEx,Ex,x, [[s0(X:) = Vg p(X, | Xo)|I?] —
LEx,Ex,ix, [V log p(X, | X)) = Co + LEx,Ex,ix,[llse(X:) —

const.
Vlogp(X, | Xo)lI*]
- In practice we estimate
sg- (£, X,) such tha
67 = arg: minl 27 Ex,Ex,x, [llso(t, X;) — Vg p(X: | Xo)lI*]

all the scores simultancously i.e.

- Recdllung now our choice of forward transition for which p(z, |
z9) = N(zesalzg, (1= ...a®)ly)

o Viogp(w, | @) = —

(zi—a'ze)
(1—a®)

o X, =a'X,+VI- aE g ~ N0, 1)
o Viegp(X, | Xo) = - =

- parameterize the score function as s, (t, X;) = — then the

problem is equivalent to: R

6° = argming Y[, Bx, Ex,ix, 160 (8, X0) = €17

which has the illuminating interpretation of learning to predict the

added noise &, from the noised data X,.

- Finally, we can generate new samples from the backward pro-

cess by sampling X7 ~ p, and using the approximation of the

backward transition and the learned score to perform ancestral

sampling:

ff'( :E<2)— Q)X+ (1 —a)sp (t+1, X)) + V1 — a6,
0,14

Eepr ~

and Sampling

Algorithm 3 Sampling
Tnput: Learned parameters 0, put, @
Output: Generated sample Xy
Sumple X7~

=T 1000 d
Sample noise éux ~N(0,Ly):

Algorithm 2 Training
Tnput: Data distribution pv, a
Outputs Learmed parameters 8
Initialize: Parameters §

tial data. Xo ~ py
me step ¢ ~ Uniform({1,....,T})

Sample noise & ~ A'(0, L X = (2-a)Xeea + (1-02)sp. (41, Xep) +
"cﬂusn\igznd\gvmdmn step. VI-a¥g
VolEx Ex,x, [selt a'xu+\/1ﬂz"mfﬁﬂ] end for
until convergence Return 7o
Conditional training
6" = argming 30 Ex, vExx, [lls0(t, X5 ¥) — Vlegp(X) |




